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Abs t r ac t  
Being g iven  t h e  magnetic f i e l d  s t r e n g t h  on t h e  median p l a n e ,  it 
i s  r e q u i r e d  t o  f i n d  t h e  f i e l d  on bo th  s i d e s  of t h i s  p l a n e  i n  such  
a form t h a t :  
a )  when s u b s t i t u t e d  i n  t h e  equa t ions  of motion of a  charged 
p a r t i c l e ,  t h e s e  equa t ions  w i l l  s a t i s f y  t h e  theorem of 
L i a u v i l l e ,  exac t ly .  
f- 
b )  t h e  f i e l d  i s  bo th  Maxwelian, and assumes i t s  p r e s c r i b e d  
v a l u e s  on t h e  median p l ane  t o  a  c e r t a i n  degree  of approxi-  
mation. 
c )  i t s  mathematical  exp re s s ion  should  be s u f f i c i e n t l y  s imple ,  
so  t h a t  t o o  much t ime  w i l l  not  be r e q u i r e d  f o r  t h e  computation 
of t r a j e c t o r i e s  by a  d i g i t a l  computer. 
Thus t h e  degree  of approximation d e s i r e d  must be weighed a g a i n s t  t h e  
corresponding t ime  of computation. A s e r i e s  of s o l u t i o n s  correspond- 
ing  t o  ascending degrees  of approximation has  been found,  
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S e c t i o n  1. Two proposed exp re s s ions  f o r  t h e  magnetic f i e l d  s t r e n g t h  
i n  t h e  median p l ane  and t h e i r  r e l a t i o n  t o  c e r t a i n  complex f i e l d s ,  
i n  which a  c e r t a i n  approximation i s  involved.  
The fo l lowing  exp re s s ions  have been proposed f o r  t h e  magnetic 
f i e l d  s t r e n g t h  i n  t h e  median p l ane  f o r  t h e  Mark V,  FFAG a c c e l e r a t o r ,  
where ( r , e )  a r e  p o l a r  c o o r d i n a t e s  i n  t h e  median p l a n e ,  and z i s  a 
r e c t a n g u l a r  coo rd ina t e  pe rpend icu l a r  t o  t h a t  p lane .  The equa t ion  of 
3 -7 
t h e  median plarle i s  z=0. Also Ho = H ( r ,  8 , o ) .  
The above f i e l d s  a r e  t h e  pu re  imaginary p a r t s  of t h e  fo l lowing  
complex f i e l d s  : 
t h e  e r r o r  being l e s s  t h a n  - gaeX 
2- 
(r-5) 2 
t h e  e r r o r  being le::s t h a n  
c K  7 
- 
2. 
t h e  e r r o r  being 1e:s t h a n  
- r 
It s h a l l  be assumed i n  t h i s  r e p o r t  t h a t  t h e s e  e r r o r s  a r e  s u f f i c i e n t l y  
small t o  be neg lec ted .  However, t h e r e  would be no d i f f i c u l t y  i n  
us ing  a d d i t i o n a l  terms of t h e  s e r i e s  (1.5) i n  o r d e r  t o  ach ieve  a 
b e t t e r  approximation.  The methods of t h i s  r e p o r t  cou ld  e a s i l y  be  
c a r r i e d  ou t  i n  t h i c  case .  
S u b s t i t u t i n g  (1 .7 )  and (1.8) i n t o  (1.33 and (1,4), one f i n d s  
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Both of t h e s e  f i eHs  can be w r i t t e n  i n  t h e  form: 
which i s  expressib:, .e a s  l i n e a r  combinatfions of th.e f ie1.d~; 
= e w $2, o and &,b = e l @ ~ - r & - ~ )  
where/= ,dd-i& and where d, 4 ,  r and a r e  r e a l  c o n s t a n t s  
F o r  Xc- 




F o r  % I K 0 . d,=- 2 ,Pz = - > r=,q x = - 6  
r o  r o w  
.It i c ~  r e q u i r e d  t o  f i n d  t h e  v e c t o r  p o t e n t i a l  on e i t h e r  s i d e  of 
t h e  median p:iane i n  t e rms  of t h e  magnetic f i e l d  s t r e n g t h  on t h a t  
p lane .  It i s  s u f f i c i e n t  t o  s o l v e  t h i s  problem f o r  t h e  two f i e l d s  
~, 1 . 2  The f i e l d s  (1.9) and (1,10) a r e  l i n e a r  combinations of 
t h e s e .  F l n a l l y ,  t h e  d e s i r e d  v e c t o r  p o t e n t i a l s  corresponc I t h e  
1 z 
real .  f i e l d s  and#= ,  can be  found by t a k i n g  t h e  pu re  
imaginary p a r t 5  of t h e  ccmpler f i e l d s .  
Sta tement  - of t h e  Problem 
We sha l l .  r e q u i r e  t h a t  t h e  exp re s s ions  f o r  t h e s e  f i e l d s  s a t i s f y  
t h e  following c o n d i t i o n s  : 
l )  When t h e  exp re s s ions  f o r  t h e  v e c t o r  p o t e n t i a l  a r e  s u b s t i t u t e d  
i n  t h e  d i f f e r e n t i a l  equationis f o r  t h e  o r b i t  of a  charged 
" 
p a r t . l c ~ l e ,  t h e s e  equa t ions  w i l l  s a t i s f y  t h e  p r i n c i p l e  of 




v e c t o r  p o t e n t i a l  has  been found t o  a  c e r t a i n  degree  of 
approximation- t h i s  v e c t o r  p o t e n t i a l  i s  s u b s t i t u t e d  i n  t h e  
d i f f e r e n t i a l  e q u a t i o n s  of motion wi thout  any f u r t h e r  change 
o r  approximation.  It i q  because of t h i s  c o n d i t i o n ,  t h a t  
one must f i r s t  f i n d  an approximate e x p r e i s i o n  f o r  t h e  
v e c t o r  p o t e n t i a l ,  i n q t e a d  of t h e  magnetic f i e l d  s t r e n g t h ,  
2 )  The f i e l d  should  be Maxwelian t o  a.; h igh  a  degree  of approxi-  
mation a s  p o s s i b l e ,  c o n s i s t e n t  w i t h  c o n d i t i o n s  ( 3 )  and ( 4 ) .  
3 )  The magnetic f i e l d  should  asiume it.; proposed va lues  (1 .1)  
o r  (1.2)  on t h e  median p l a n e  t o  a  c e r t a i n  degree  of approxi-  
mation. 
4 )  The degree  of approximat ion i n  ( 2 )  and ( 3 )  should  be a s  
h igh  a s  p o s s i b l e ,  c o n s i s t e n t  w i t h  keeping t h e  d i f f e r e n t i a l  
equa t ions  of motion s u f f i c i e n t l y  s imple ,  s o  t h a t  t h e  t ime 
of computation of a  p o i n t  on t h e  o r b i t  by a d i g i t a l  computer 
w i l l  not  exceed some r ea sonab le  va lue .  
I n  connect ion w i t h  ( 4 ) "  i t  might be no ted  t h a t  i n  t h e  
d i f f e r e n t i a l  equa t ions  of t h e  o r b i t ,  t h a t  Ar and AZ a r e  t h e i r  d e r i v a -  
t i o n s  occur  i n  many p l a c e s ,  whi le  A d  occurs  w i t h  a  much sma l l e r  
f requency.  The o r b i t a l  equa t ions  can t hen  be s i m p l i f i e d  i f  one 
chooses t h e  gauge i n  such a  way t h a t  and AZ have a s  s imple  
exp re s s ions  a s  p o s s i b l e ,  and a l lowing A 8 t o  become more complicated 
a s  a  consequence. This  i? one of t h e  c o n s i d e r a t i o n s  t h a t  w i l l  gu ide  
us i n  t h e  cho ice  of t h e  gauge. 
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Sect-,on 11, Fundamental equa t ions  f o r  t h e  c a s e  4, @ = e I ( % - 7 8 -  X )  
&, - # s J  a = 0 The g e n e r a l  method of procedure  and t h e  so lu-  
t i o n s  of c e r t a i n  d i f f e r e n t i a l  equa t ions .  
We s h a l l  assume t h a t  t h e  v e c t o r  p o t e n t i a l  i s  r e p r e s e n t e d  by 
t h e  fo l l owina  exoress ions :  
P where @ k ,  and Zk ( k )  a r e  f u n c t i o n s  of z only.  
It might be noted t h a t  i f  c e r t a i n  expansions* were used,  t h e  
v e c t o r  p o t e n t i a l  would be  expressed  i n  a  descending power s e r i e s  i n  
r ,  t h e  f i r $ t  few terms of which would be  r e p r e s e n t e d  by (2 .1) .  I n  
f a c t ,  t h e s e  expansions sugges ted  t h e  r e l a t i o n s  (2 .1 ) .  The exp re s s ions  
(2.1.) a r e ,  however, no t  i n f i n i t e  s e r i e s ,  a s  t h e y  a c t u a l l y  t e r m i n a t e .  
They wi l l ,  r e p r e s e n t  e x a c t l y  a  c e r t a i n  f i e l d ,  which approximates t h e  
actual.  f i e l d  of t h e  a c c e l e r a t o r .  The f u n c t i o n s  Rk, Q k ,  and 
z k ( k )  a r e  t o  be s o  determined t h a t  t h e  f o u r  c o n d i t i o n s  of s e c t i o n  
1 a r e  s a t i s f i e d .  This  can be done i n  many ways, a s  t h e r e  a r e  
d i f f e r e n t  cho ice s  f o r  t h e  gauge, a s  w e l i  a s  f o r  t h e  degree  of 
appruxirnation. 
* Expansions which express  t h e  magnetic f i e l d  on e i t h e r  s i d e  of a  
p:l.ane s u r f a c e  i n  t e rms  of t h e  magnetic f i e l d  on t h e  s u r f a c e ,  and 
t h e f r  a p p l i c a t i o n  t o  t h e  Mark V, FFAG a c c e l e r a t o r .  
Edward S o  Akeley, Purdue' U n i v e r s i t y ,  January  26, 1955 E S A ( ~ I . - : ~ .  
The expression!; i n  cyl.indrica1. coo rd ina t e s  f o r  g x A and 
.,. V x  
( 7 x A) a re  
k J A z  dA@ tax$), = r - -
( V  = aA 'J 2 
- -  
\ JR, 
S u b i t i t u t i n g  (2.1) Ento (2.2) and (2.3), we f i n d  
= ( V  t~ iC8, -7-c9 -7) 
(2.4) 
S i n c e  we want V K ( V X ~ =  0 t o  a  c e r t a i n  degree  of approximation,  
we s h a l l  r e q u i r e  t h a t  t h e  c o e f f i c i e n t s  of t h e  h i g h e s t  power of r be 
ze ro  .in each of t h e  equa t ions  (2.51 o r  
k'j" +i8~,' = 0 (2,6) 
r 
-;*Z; aOq +-s @ +/r?,= o
a. 
i,3tQ;+B 2, = 0 
m A - 7 0  
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Now we might s e t  B0 = 0 ,  We would f i n d  o n l y  two independent equa t ions ,  
and we could  s o l v e  f o r  R, and Z ,  Such a  cho ice  would p a r t i a l l y  
determine t h e  gauge. I n  t h i s  cho ice ,  t h e  A, and Az would be more 
important  t han  A 8  A s  has  been p r e v i o u s l y  mentioned, we a r e  
looking f o r  s o l u t i o n s  where t h e  exp re s s ions  f o r  R and Zk a r e  a s  k  
s imple  a s  p o s s i b l e .  The re fo re ,  we s e t  R1 = Z1 = 0,  ( 2 , 7 )  
s o  t h a t  @ #,,d2@ = 0 
o (2.81 
of which t h e  g e n e r a l  s o l u t i o n  i s  
where @ and a r e  c o n s t a n t s .  
0, C 
a r e  r e q u i r e d  t o  be s a t i s f i e d  t o  a  c e r t a i n  degree  of approximatibn.  
Accordingly.  i n  equa t ions  (2.4), we s h a l l  r e q u i r e  t h a t  
L Y @ = 
The f i r s t  of t h e s e  equa t ions  and (2.7) g i v e  
so, a n d  @ = 0 
- *  0,s 
The t h i r d  equa t ion  g i v e s  
Theref o r e  
= -  d # z  3- 
(2..14) 
Returning t o  equa t ions  (2 .5 )  we s h a l l  equa t e  t o  ze ro  t h e  c o e f f i c i e n t  
of t h e  second h ighes t  power i n  each,  o r  
We s h a l l  s e t  R, = 2, = 0 (2.16) 
s o  t h a t  @" - B=@-, = ipq = c o s h g r  
-I 
(2.17) 
so  t h a t  z @ slnhpa- , ~ s ; m h B z  @ @ C o S h P Z t  -, 
- 1  -Il L JS 
We s h a l l  now r e q u i r e  t h a t  t h e  second terms of equa t ion  (2 .5)  be ze ro ,  
i n  o rde r  t o  i a t i s f y  (2.101, Then 
= 0 
and t h e r e f o r e  a,,, = 0 (2.20) 
and [@ + i@@J = o =  -; ; - ,, and t h e r e f  o r e  -/,c = (2.21) 
0 
z:o V- B 
Therefore  @-, = + C O S A ~ Z  - I s inher  P a@ 
We can con t inue  i n  t h i s  manner a s  we go t o  h ighe r  and h i g h e r  
 approximation^. O r ,  on t h e  o t h e r  hand, we can s t o p  wherever we wish 
and equa te  t o  ze ro ,  t h e  f u n c t i o n s  Rk, @ and Zk ( k )  which have no t  
been determined.  The f u r t h e r  we go,  b e f o r e  s e t t i n g  t h e  undetermined 
func t ion- :  equa l  t o  zero ,  t h e  b e t t e r  t h e  approximation.  
I f ,  now, we r e q u i r e  t h a t  t h e  t h i r d  t e rm  of eac,h of t h e  equation>; 
(2.5)  be set.-.equal t o  ze ro ,  we have 
,P 
[y2~, - R:, + I + ~ L - :  + 8 ~ 0 ~  s 0 
Making use  of (2 .7 )  and (2 .16)  and s e t t i n g  
n-, = o  
t h e s e  equa t ion ;  become 
The l a a t  one of t h e s e  equa t ions  g i v e s :  
I f  t h i s  i s  s u b s t i t u t e d  i n  t h e  f i r s t  equa t ion  of (2.25), we f i n d  t h a t  
i t  i s  s a t i s f i e d .  The second equa t ion  of t h i s  s e t  becomes 
Equat ing t o  zero  a t  z = 0,  t h e  t h i r d  t e rms  of equa t ion  (2.21, one 
f i n d s  : 
[t~: - ipz-I 
= 
0 i s  s a t i s f i e d  
[ i f  @,+ i14,] Z=D = 0 and t h e r e f o r e  @-%,, TO 
We f i n d  t h e r e f o r e ,  t h a t  
Continuing i n  t h e  same way, i f  one equa t e s  t o  ze ro  t h e  f o u r t h  term 
of equa t ions  (2.5), one has: 
Making u s e  of p rev ious  r e s u l t s ,  and s e t t i n g  R-, = 0 ,  one f i n d s  
t t 
1bZ_, + ? y a l  - Z - ,  = o 
The t h i r d  equa t ion  of t h i s  s e t  g i v e s :  
P 
The f i r s t  equa t ion  of (2.33) i s  now found t o  check. From t h e  
second equa t ion  of t h i s  s e t ,  @dl can be found i f  r e q u i r e d .  
We s h a l l  now t a b u l a t e  t h e  r e s u l t s ,  which have been ob ta ined :  
By s e t t i n g  p = - :a, r- X - 0 wi th  o. r e a l ,  we o b t a i n  t h e  corresponding 
equa t ions  f o r  t h e  ca se  H ~ , ~  e 0-.- Hr ,o  sHg,o = O  namely 
The above exp re s s ions  r e p r e s e n t  s u c c e s s i v e  s o l u t i o n s  of c e r t a i n  
d i f f e r e n t i a l  equa t ions ,  which a r e  o b t a i n e d  when c e r t a i n  t e s m ~ ,  i n  
t h e  exp re s s ions  (2 .5 )  and c e r t a i n  of t h e  f u n c t i o n s  appear ing a r e  
both  s e t  equa l  t o  zero .  Using t h e s e  r e s u l t s ,  we s h a l l  o b t a i n  i n  
t h e  next  s e c t i o n ,  a  s e r i e s  of s o l u t i o n s  of our  problem corresponding 
t o  v a r i o u s  degrees  of approximation.  
S e c t i o n  111: S o l u t i o n s  of t h e  problem corresponding t o  v a r i o u s  degrees  
of approximation.  
The v a r i o u ;  s o l u t i o n s  w i l l  be r e p r e s e n t e d  by t h e  symbols (ctp ) ( f i r )  
6 )% 
e t c . ,  a r ranged  i n  t h e  o r d e r  of i n c r e a s i n g  degree  
of approximation.  
The c lo senes s  of t h i s  approximation may be found by s u b s t i t u t i n g  
(3.1) i n  equa t ions  (2.2)  w i t h  z  = o ,  and i n t o  equa t ions  (2.3). 
We o b t a i n :  
1Jr,o - H,, = 0 ( e x a c t l y )  
- = 
i C f r , - v e - X )  [ 1 - i a s  a g a i n s t  i t s  p r e s c r i b e d  
v a l u e  i (p,-y ,, - X )  ( 3  03 1 
This  f i e l d  s a t i s f i e d  bo th  t h e  c o n d i t i o n s  on t h e  median p lane ,  and 
i s  Maxwelian except  f o r  terms of t h e  o r d e r  I IF and h igher .  It 
t h e r e f o r e  r e p r e s e n t s  a  v e r y  good approximat ion when 141r i s  
l a r g e .  I f  one l eaves  ou t  of c o n s i d e r a t i o n  t h e  q u a n t i t i e s  HZ, ,  and 
1~ x (Px# ) J e  t h e  approximation i s  even b e t t e r .  
F o r  t h e  s p e c i a l  f i e l d  
'%,* ---- e I *roo = Hb,o = o 
e 
ur 
t h e  (Ap) s o l u t i o n  i s  At  - Ar = 0, A.& = - , cos c*r 
0 (3.51 
The c lo senes s  of t h e  approximation may be  found a s  i n  t h e  ca se  of 
( A P ) ~ .  Thus we f i n d  
- Hr,o - H O , ~  = Q ( e x a c t l y )  
P I-1,,, = ei (pr-ye-x) ( e x a c t l y )  (3.8) 
* 
[~x ~vKA) ]  r ,~(P-TQ-*) {r[o]+ ~01- & i o s ~ ~ z  - 21- Y sinrp, 
3 
[VX ( v x ~ ) , J ~  - . i r e r - ~ ~ - x i  b j + + p j +  I, r 
~ s h ~ z j  i I ( 3 e 9 )  
[OX (v.2 1,- - ' " ' - '8 -n{r~+~- f  slnhpz + 4 ErmhgZ + ~ ~ ~ o ~ h e ~ J  
I@ r 
The p r e s c r i b e d  cond i t i ons  on t h e  median p l a n e  a r e  s a t i s f i e d  e x a c t l y .  
This  i s  Maxwelian excep t  f o r  terms of t h e  o r d e r  o r  h i g h e r .  
lei "r a 
For t h e  s p e c i a l  f i e l d  
t h e  ( A ~ ) ~  s o l u t i o n  i s  
a.0 
A , - A z =  0 
P -18- 
S o l u t i o n  h p ) ,  ; Rk- oh); Zk = 0 (r + - I )  
The c lo senes s  of t h e  approximation:  
P 
' ,  O ( e x a c t l y )  
( e x a c t l y ]  
The s o l u t i o n  t a k e s  i t s  p r e s c r i b e d  v a l u e s  on t h e  median p l ane  e x a c t l y  
7-a 




F o r  t h e  s p e c i a l  f i e l d  
t h e  (AP) s o l u t i o n  i s  1 
The c lo senes s  of t h e  approximation:  
H r , ~  - H z , O  = o ( e x a c t l y ]  
H z , ~  = i(pr-ye-X) (3.151 ( e x a c l t y )  
37- 
P 
m - 7 0  
ESA( MURA-3 ) 
f- 4- 
This s o l u t i o n  t a k e +  i t s  p r e s c r i b e d  v a l u e s  on t h e  median p l ane  e x a c t l y  
Y 
and i s  Maxweiian excep t  f o r  terms of t h e  o r d e r  and h igher .  / P I  r 
For  t h e  spec ia l .  f i e l d :  H,,, - J *co = He,0 = 0 
t h e  (4p)vz s o l u t i o n  i s :  A, = A, = o 
S e c t i o n  IV. The f i e l d  H = 1rnL art; (pip -re -r)]= ~ Z ~ ~ S ; O ( ~ ~ ~ - Y O -  x), 
290 
I n  o r d e r  t o  f i n d  t h e  pu re  imaginary p a r t  of c e r t a i n  exp re s s ions  
P con ta in ing  e i ( g r - ~ 8  -1) where p = p , = ;a , and where a, PL, y ,  X a r e  
r e a l ,  t h e  fo l lowing  d e f i n i t i o n s  -4 r e l a t i o n s  a r e  u s e f u l .  
D e f i n i t i o n s :  i p  s a + ; p i  = k e  r? 
4 = o L r  - y e  -x-'-7 
,iQn 
@nc) = I< coshpz  = ( ~ , c r )  t i (Q~C;) 
where (fincr),(nqci), (_r;!,,sr), (flnsi) a r e  r e a l ,  and a r e  g iven  by: 
f- 
-21- 
The fo l lowing  r e l a t i o n s  a r e  a l s o  needed: 
6 -  x , a~{-(n,~i) + ;lntsr7 
P 
.",+ iCn2.s1).$ 3 i ( f i t - -~~-X)s i f ihb= s ~ e ~ ~ [ < f i A  (4.4) e 
P*  
c'(pr-r@- X ) s i o h p z  - e - ~  f(fiSsi ) - ; (f18*p> 
P 
1 
The fo l lowing  exp re s s ions  f o r  p a r t i a l  d e r i v a t i v e s  a r e  u s e f u l :  
2 
- (n nc) s -1 ,-&5) + L a a v ( n , c i =  eav(nnnd,c) 
v 
P 
(4.51 2 (0,3> = - i (n C> a z  n - i  , a .- 
Equating r e a l  and pure  imaginary p a r t s  i n  t h e s e  exp re s s ions ,  one f i n d s :  
These l a t t e r  r e l a t i o n s  a r e  no t  used i n  t h i s  paper ,  b u t  t h e y  a r e  
p a r t i c u l a r l y  u s e f u l  when t h e  v e c t o r  p o t e n t i a l s  a r e  s u b s t i t u t e d  i n  
/- 
t h e  d i f f e r e n t i a l  equa t ions  of motion of a  charged p a r t i c l e .  
I f  we t a k e  t h e  pu re  imaginary p a r t  of equa t ions  (2.35) and 
(2.361, we a t  once f i n d  t h e  corresponding equa t ions  f o r  t h e  f i e l d  
F o r  t h i s  l a t t e r  field, we o b t a i n  
Z+I = 2, = d  
We can now w r i t e  down a t  once t h e  s o l u t i o n s  ( A P ] ~  (APJ, e t c . ,  
# 
f o r  t h i s  f i e l d ,  a s  fo l lows :  1/ 
P 
- D S o l u t i o n  (Ap),: Ar = At - 
S o l u t i o n  ( ~ p  JJ : A p  = Az = 0 
I. 
A ,  a cjl - l r L 
S o l u t i o n  ( ~ p ) ~ :  A y = D 
S o l u t i o n  (jp)j /Jv = 0 4 
A, = e ~ ~ ~ / n I C j ~ - + ~ ~ l c i ) t ~ ( ~ l  2 
sr) / +- f\F 
int II.)i + H ) ~ L ] ~  g 
A, = -y&jfl2 .i) 
r 
S e c t i o r  V.  The v e c t o r  p o t e n t i a l  f o r  t h e  Mark V ,  FFAG a c c e l e r a t o r .  
We a r e  now a b l e  t o  w r i t e  down s o l u t i o n s  corresponding t o  t h e  
v a r i o u s  approximations f o r  t h e  Mark V, FFAG a c c e l e r a t o r ,  where 
(:see equa t ion  1.11.). By us ing  t h e  v a l u e s  of 2, PI, Y and X given  
by equa t ions  (1.131, we a t  once o b t a i n  t h e  va lues  of A corresponding 
t o  t h e  proposed f i e l d s  f o r  t h i s  machine. See  equa t ions  (1.1) and 
(1-21 
s o l u t i o n  ( A, = 
p o c c z  1 jlosc* +dr cti'9r ar-t --- I Ae a 2- L /:pciJ -F- 
2 r 
//nL+j++(n, c p ) ) ] t  
S o l u t :  
P 
Which of t h e  above s o l u t i o n s  a r e  used ,  should  be decided i n  accordance 
w i th  t h e  cond i t i ons  d i s c u s s e d  i n  S e c t i o n  I. The b e t t e r  t h e  approxi-  
mation, t h e  more t h e  t ime  r e q u i r e d  f o r  t h e  computation of each p o i n t  
on t h e  o r b i t .  Higher approximations may be found i n  t h e  same way. 
The next  one r e q u i r e d -  3 which can be found a s  a  s o l u t i o n  of 
t h e  second of equa t ion  (2.33). 
